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Let M be a Hilbert C∗-module over the C∗-algebra A, and LA(M) the C∗-algebra of all
adjointable operators on M. Let ϕ : LA(M) → LA(M) be a unital linear map preserving
semi-A-Fredholm operators in both directions and assume that ϕ is surjective up to
compact operators. We will show that ϕ preserves compact operators and in certain cases,
the induced map ϕ˜ : LA(M)/KA(M) → LA(M)/KA(M) is an automorphism or an
anti-automorphism.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
A (left) Hilbert C∗-module over the C∗-algebra A is a left A-module M equipped with an inner product
〈.,.〉 :M ×M → A satisfying the following conditions:
(i) 〈x, x〉 0 for all x ∈ M and 〈x, x〉 = 0 iff x = 0;
(ii) 〈x, y〉 = 〈y, x〉∗ for all x, y ∈ M;
(iii) 〈.,.〉 is A-linear in the ﬁrst variable;
(iv) M is complete with respect to the norm ‖ x ‖= ‖ 〈x, x〉 ‖1/2.
It is clear that every Hilbert C∗-module over C is a Hilbert space.
The theory of Hilbert C∗-modules was started by Kaplansky, Paschke and Rieffel in [11,16,17] and since then the subject
has grown rapidly. The reader will ﬁnd all of the relevant deﬁnitions and details concerning general theory of Hilbert
C∗-modules in [10,12,15].
Suppose that M is a Hilbert C∗-module over the C∗-algebra A. Throughout this paper, LA(M) denotes the C∗-algebra
of all adjointable linear operators on M. By KA(M) we mean the ideal of all compact operators in LA(M), and HA
denotes the standard Hilbert C∗-module over A. A closed submodule N of M is said to be orthogonally complementable if
M = N ⊕N⊥ . By [10, Theorem 3.2], if T ∈ LA(M) has closed range then Ker T and Im T are orthogonally complementable
submodules. Here Ker T and Im T denote the kernel and the range of T , respectively. When H is a Hilbert space we simply
use the usual notations L(H) and K(H) for the C∗-algebra of bounded operators on H, and the ideal of compact operators
in L(H), respectively. Although for an inﬁnite-dimensional Hilbert space H we always have K(H) 
= L(H), but for a Hilbert
C∗-module M it may happen that KA(M) = LA(M), see [15, Example 15.2.11].
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{∑ni=1 aixi; a1, . . . ,an ∈ A, n ∈ N} is dense in M. If {xn} is a ﬁnite set, then M is called ﬁnitely generated.
Let M be a Hilbert C∗-module and I the identity map on M. An operator T ∈ LA(M) is said to be a semi-A-Fredholm
operator if there is S ∈ LA(M) such that either I − ST or I − T S is in KA(M). If for some S ∈ LA(M) both I − ST
and I − T S are in KA(M) then T is called an A-Fredholm operator, see [7,12,15] for more about A-Fredholm operators.
Obviously, each A-Fredholm operator is semi-A-Fredholm and if KA(M) = LA(M) then each operator in LA(M) is A-
Fredholm. Now let KA(M) 
= LA(M) and let π : LA(M) → LA(M)/KA(M) be the canonical quotient map. Then it is
clear that T ∈ LA(M) is A-Fredholm (resp. semi-A-Fredholm) if and only if π(T ) is invertible (resp. right or left invertible)
in LA(M)/KA(M). We denote the set of semi-A-Fredholm operators on M by SFA(M). The reader is referred to [1] for
the classical theory of Fredholm operators on a Banach space. For the general Fredholm theory in Banach algebras see [3,4].
An operator T ∈ LA(M) is called regular or generalized invertible if there is C ∈ LA(M) such that T CT = T . By
considering the operator S = CT C we have T ST = T and ST S = S . So an operator T ∈ LA(M) is regular if and only if
there exists S ∈ LA(M) such that T ST = T and ST S = S . It is well known that each element of Mn(C) is regular, but each
inﬁnite-dimensional semi-simple Banach algebra contains non-regular elements [5, Theorem 7].
For a C∗-algebra B, M(B) denotes the multiplier algebra of B and M(B)/B is called the corona algebra of B. If M is a
Hilbert C∗-module then M(KA(M))  LA(M) [15, Theorem 15.2.12]. The quotient algebra LA(M)/KA(M) is called the
Calkin algebra of M which is also equal to the corona algebra of KA(M).
A C∗-algebra B has FS-property if the set of ﬁnite spectrum self-adjoint elements of B is norm dense in the set of
self-adjoint elements. A unital C∗-algebra B is said to have real rank zero, denoted by RR(B) = 0, if the set of invertible
self-adjoint elements of B is dense in the set of self-adjoint elements. If B is not unital, say it has real rank zero if the
unitization of B has real rank zero [6]. We recall that a C∗-algebra B has real rank zero if and only if it has FS-property
[6, Theorem V.7.2].
We say that a linear map ϕ : LA(M) → LA(M) preserves semi-A-Fredholm operators in both directions if for every
T ∈ LA(M), the operator T is semi-A-Fredholm if and only if ϕ(T ) is semi-A-Fredholm.
A map ϕ : LA(M) → LA(M) is said to be surjective up to compact operators if for every T ∈ LA(M) there exists
S ∈ LA(M) such that T − ϕ(S) ∈ KA(M), or equivalently, LA(M) = Imϕ + KA(M).
The following theorem has been proved by Mbekhta and Šemrl [14, Theorem 1.2].
Theorem 1.1. LetH be an inﬁnite-dimensional separable Hilbert space and ϕ : L(H) → L(H) a linear map preserving semi-Fredholm
operators in both directions. Suppose that ϕ is surjective up to compact operators. Then
ϕ
(K(H))⊆ K(H)
and the induced map ϕ˜ : C(H) → C(H) is either an automorphism, or an anti-automorphism multiplied by an invertible element
a ∈ C(H). Here C(H) = L(H)/K(H) is the Calkin algebra of H.
This paper is organized as follows. In Section 2, we have a short look at semi-Fredholm operators on Hilbert C∗-modules.
We show that these operators do not behave exactly the same as semi-Fredholm operators on Hilbert spaces. Section 3
which is the main part of this paper is devoted to prove the following theorem which extends Theorem 1.1 to Hilbert
C∗-modules in certain cases.
Theorem 1.2. Let M be a Hilbert C∗-module over the C∗-algebra A and ϕ : LA(M) → LA(M) a linear map preserving semi-A-




Furthermore, if one of the following conditions holds:
(i) M is a K(H)-Hilbert module;
(ii) M is a Hilbert C∗-module such that LA(M) has FS-property and KA(M) has a prime corona algebra;
(iii) M is countably generated, KA(M) is non-unital and simple with RR(KA(M)) = 0, and M(KA(M))/KA(M) is simple;
(iv) A is a W ∗-algebra and M is a self-dual Hilbert module over A such that KA(M) has a prime corona algebra;
then the induced map ϕ˜ : LA(M)/KA(M) → LA(M)/KA(M) is either an automorphism or an anti-automorphism.
2. Semi-Fredholm operators on Hilbert C∗-modules
Although Hilbert C∗-modules look very much like Hilbert spaces, but we will see that semi-Fredholm operators on
Hilbert C∗-modules do not behave exactly the same as semi-Fredholm operators on Hilbert spaces.
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R(M) = {T ∈ LA(M); for every A ∈ LA(M) with Im A not closed,
there exists λ ∈ C with A + λT 
= 0 and Im(A + λT ) is closed}.
It is proved in [9, Lemma 3.1] that an operator T on a Hilbert space H is semi-Fredholm if and only if T ∈ R(H). It is also
well known that an operator T ∈ L(H) is semi-Fredholm if and only if T has a closed range and either Ker T or (Im T )⊥
is ﬁnite-dimensional. We will see that in the case of Hilbert modules R(M) does not contain SFA(M) in general. If
A is unital and M = HA , then we show that T ∈ SFA(M) if its range is closed and either Ker T or (Im T )⊥ is ﬁnitely
generated. Also, under the same assumptions on A and M, we prove that the self-adjoint part of R(M) is contained in
SFA(M).
First of all we need the following lemma which is a well-known result. We give the proof for the sake of convenience.
Lemma 2.1. T ∈ LA(M) is regular if and only if the range of T is closed.
Proof. If T is regular, then there is an operator S ∈ LA(M) such that T ST = T . It is clear that T S is the projection on
to Im T and so Im T is closed. Conversely, if Im T is closed, then by [10, Theorem 3.2] we have M = Ker T ⊕ (Ker T )⊥ =
Im T ⊕ (Im T )⊥ . Obviously, T0 = T |(Ker T )⊥ : (Ker T )⊥ → Im T is an isomorphism which is also adjointable. Now, we deﬁne
S : Im T ⊕ Im T⊥ → Ker T ⊕ Ker T⊥,
T (x) + y → T0−1(T x).
It is easy to see that S is well deﬁned, bounded and adjointable. In fact, if z = T x + y for x ∈ M and y ∈ (Im T )⊥ , then
Sz = T0−1(u) where u = T x. Therefore T ST (x) = T T0−1(T (x)) = T (x) and T is regular. 
Example 2.2. Let A be an inﬁnite-dimensional unital C∗-algebra. Consider M = A with it’s natural Hilbert module structure,
〈a,b〉 = ab∗ (a,b ∈ A). By [15, Example 15.2.11], LA(M)  KA(M)  A. Thus each operator in LA(M) is Fredholm. Since
A is inﬁnite-dimensional it follows from [5, Theorem 7] that LA(M) contains a non-regular element T which by Lemma 2.1
has a non-closed range. Take A = T , then for each λ ∈ C satisfying A + λT 
= 0 we have, Im(A + λT ) = Im T which is not
closed. Hence T is not in R(M) and it follows that SFA(M)  R(M). As an example of an operator with non-closed range,
consider A = C[0,1]. Deﬁne T on A by T ( f )(x) = xf (x). Then the range of T is not closed because g(x) = √x ∈ (Im T )\ Im T .
Remark 2.3. Suppose that M is a Hilbert C∗-module over A. By [15, Theorem 15.3.8], if T ∈ LA(M) has a closed range
then |T | and T ∗ have closed ranges and T has a polar decomposition T = V |T |, where V is a partial isometry satisfying
Ker V = Ker T , Ker V ∗ = Ker T ∗ = (Im T )⊥ , Im V = Im T , Im V ∗ = Im T ∗ = (Ker T )⊥ . Let P = I − V ∗V and Q = I − V V ∗ . Then
P and Q are projections onto Ker V = Ker T and Ker V ∗ = (Im T )⊥ , respectively. Furthermore, |T | + P is invertible.
Proposition 2.4. Let A be a unital C∗-algebra and M = HA . Suppose that T ∈ LA(M) has a closed range and either Ker T or
(Im T )⊥ is ﬁnitely generated. Then T ∈ SFA(M).
Proof. We use the same notations as in Remark 2.3. Assume that Ker T is ﬁnitely generated, then by [15, Remark 15.4.3],
P ∈ KA(HA). If S = (|T | + P )−1 then S = S∗ and (|T | + P )S = I , so I − |T |S is compact. Multiplying I − |T |S on the left
by V implies that V − T S (and hence V ∗ − ST ∗) is compact. This shows that S−1V ∗V − T ∗V and therefore I − T ∗V S is in
KA(HA). Now it follows that T ∗ (and hence T ) is a semi-A-Fredholm operator. For the other case, replace T by T ∗ in the
above argument. 
Proposition 2.5. Let A be a unital C∗-algebra and M = HA . Then each self-adjoint element of R(HA) is a semi-A-Fredholm
operator.
Proof. Assume that T = T ∗ ∈ R(HA) and T is not a semi-A-Fredholm operator. If Im T is not closed then the same
argument as in the end of Example 2.2 shows that T is not in R(HA). Now suppose that T has a closed range. By [10, Theo-
rem 3.2] we have M = (Ker T )⊥ ⊕Ker T = Im T ⊕Ker T ∗ = Im T ⊕Ker T , since T = T ∗ . Thus T can be considered as a matrix( T1,1 0
0 0
)
where T1,1 ∈ LA((Ker T )⊥, Im T ) has the same range as T . Note that by Proposition 2.4, Ker T = (Im T )⊥ = Ker T ∗
is not ﬁnitely generated and hence it is not ﬁnite-dimensional (as a vector space). It follows that LA(Ker T ) is an inﬁnite-




, then for each
λ ∈ C, Im(A + λT ) is not closed and so T does not belong to R(HA), a contradiction. 
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First of all, we recall the following two theorems from [2].
Theorem 3.1. (See [2, Theorem 5].) Let M be a Hilbert K(H)-module and let e0 be an arbitrary minimal projection in K(H).
Then H0 := e0M is a Hilbert space and the map ψ : LK(H)(M) → L(H0) deﬁned by ψ(A) = A|H0 (A ∈ LK(H)(M)), is a ∗-
isomorphism between C∗-algebras.
Theorem 3.2. (See [2, Theorem 6].) With the same hypothesis as in Theorem 3.1, an operator K ∈ LK(H)(M) is compact if and only
if ψ(K ) is a compact operator on H0 .
Proposition 3.3. If M is a Hilbert K(H)-module then LK(H)(M)/KK(H)(M) is a prime C∗-algebra of real rank zero.
Proof. By Theorem 3.1 we have a ∗-isomorphism ψ : LK(H)(M) → L(H0) for some Hilbert space H0 and by Theorem 3.2
an operator K ∈ LK(H)(M) is compact if and only if ψ(K ) is a compact operator on H0. Since H0 is a Hilbert space,
L(H0)/K(H0) is a prime C∗-algebra of real rank zero. Thus LK(H)(M)/KK(H)(M) is also a prime C∗-algebra of real rank
zero. 
For a Hilbert A-module M, the set of all A-linear maps from M to A is said to be the dual of M and is denoted
by M′ . Note that there is an isometric inclusion M ⊆ M′ , which is deﬁned by the formula x → 〈., x〉. A Hilbert C∗-module
M is called self-dual if M = M′ .
Proposition 3.4. If M is a self-dual Hilbert module over a W ∗-algebra A, then RR(LA(M)/KA(M)) = 0.
Proof. It is proved in [16, Theorem 3.10] that for a self-dual Hilbert module M over a W ∗-algebra A, LA(M) is a W ∗-
algebra and thus RR(LA(M)) = 0. Since KA(M) is a closed ideal of LA(M), the quotient algebra LA(M)/KA(M) has
also real rank zero [18, Lemma 2.4]. 
Proposition 3.5. In each of the conditions (i) to (iv) of Theorem 1.2, LA(M)/KA(M) is a prime C∗-algebra of real rank zero.
Proof. By Propositions 3.3 and 3.4 it is clear that in cases (i) and (iv), LA(M)/KA(M) is a prime C∗-algebra of
real rank zero. In statement (iii), M is countably generated and hence KA(M) is σ -unital [12, Theorem 2.2.4]. Since
LA(M)/KA(M) is simple, we have all the conditions of [18, Theorem 2.1] and hence RR(LA(M)/KA(M)) = 0.
In case (ii), since LA(M) has FS-property, then by [6, Theorem V.7.2] it has real rank zero. Therefore
RR(LA(M)/KA(M)) = 0. 
Before proving the main result we need some preliminaries.
Deﬁnition 3.6. Let B be a Banach algebra. A map Λ : B → {non-empty closed sets of C} is said to be a ∂-spectrum provided
that
∂σ (x) ⊆ Λ(x) ⊆ σ(x) (x ∈ B).
Here σ(.) denotes the spectrum. Recall that for an element a in a unital Banach algebra B, the right (resp. left) spectrum
of a, denoted by σr(a) (resp. σl(a)), is the set of all λ ∈ C such that λ1 − a is not right (resp. left) invertible in B. The
left–right spectrum is deﬁned to be the set σlr(.) := σl(.) ∩ σr(.). It is proved in [13] that σlr(.) is a ∂-spectrum.
Theorem 3.7. (See [14, Lemma 2.1].) Let B be a unital Banach algebra and Λ a ∂-spectrum on B. Assume that for a ∈ B we have
Λ(a + b) = Λ(b) for all b ∈ B. Then a ∈ rad(B), where rad(.) denotes the Jacobson radical.
Theorem 3.8. (See [13, Proposition 3.4].) Let B, C be two unital semi-simple Banach algebras and let Λ be a ∂-spectrum. If φ : B → C
is a surjective linear map with Λ(φ(x)) = Λ(x) for all x ∈ B, then φ is a unital continuous bijection which maps idempotents of B to
idempotents of C .
To prove Theorem 1.2 we start with the following lemma.
Lemma 3.9. Let K ∈ LA(M). Then the following are equivalent.
(i) K is compact.
(ii) For every B ∈ SFA(M) we have B + K ∈ SFA(M).
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Thus by Theorem 3.7, π(K ) ∈ rad(LA(M)/KA(M)) = {0} and it follows that K is compact. 
We recall the following result which is [8, Theorem 4.1].
Theorem 3.10. Let B be a C∗-algebra of real rank zero and C any Banach algebra. Assume that a bounded linear map ϕ : B → C
preserves idempotents. Then ϕ is a Jordan homomorphism.
Now we give the proof of Theorem 1.2.
Proof. If KA(M) = LA(M), then by considering ϕ˜ = 0 we get the result. Now assume that KA(M) 
= LA(M). By
Proposition 3.5 in each of the conditions (i) to (iv), LA(M)/KA(M) is a prime C∗-algebra of real rank zero. Let
K ∈ KA(M) and B ∈ SFA(M). Then there exist T ∈ LA(M) and U ∈ KA(M) such that ϕ(T ) = B + U . Thus by
Lemma 3.9, ϕ(T ) ∈ SFA(M). Since ϕ preserves semi-A-Fredholm operators in both directions, we have T ∈ SFA(M)
and it follows that T + K is also a semi-A-Fredholm operator. Therefore ϕ(T + K ) = B + ϕ(K ) + U ∈ SFA(M) and so
B + ϕ(K ) ∈ SFA(M). Since B is an arbitrary semi-A-Fredholm operator, Lemma 3.9 implies that ϕ(K ) is compact. Hence









Now Theorem 3.8 implies that ϕ˜ is a bijective unital continuous linear map which preserves idempotents and by Theo-
rem 3.10, ϕ˜ is a Jordan automorphism. It is well known that every Jordan automorphism on a prime algebra is either an
automorphism or an anti-automorphism, so we have the result. 
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